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Abstract 



We derive bridges from general multidimensional linear non time-homogeneous processes 
using only the transition densities of the original process giving their integral representations 
(in terms of a standard Wiener process) and so-called anticipative representations. We derive 
' a stochastic differential equation satisfied by the integral representation and we prove a usual 

■ conditioning property for general multidimensional linear process bridges. We specialize 

. our results for the one-dimensional case; especially, we study one-dimensional Ornstein- 

, Uhlenbeck bridges. 



^ , 1 Introduction 

O . In this paper we deal with deriving bridges from general multidimensional linear processes giving 
their integral representations (in terms of a standard Wiener process) and so-called anticipative 
representations. Our results are also specialized for the one-dimensional case. A bridge process is 
a stochastic process that is pinned to some fixed point at a future time point. Important examples 
are provided by Wiener bridges, Bessel bridges and general Markovian bridges, which have been 
extensively studied and find numerous applications. See, for example, Karlin and Taylor j23| 
Chapter 15], Fitzsimmons, Pitman and Yor |T3], Privault and Zambrini [28], Delyon and Hu [TO] , 
', Gasbarra, Sottinen and Valkeila [12], Goldys and Maslowski [16J, Chaumont and Uribe Bravo [S] 
and Baudoin and Nguyen-Ngoc [5]. Recently, Hoyle, Hughston and Macrina [H] studied so-called 
Levy random bridges, that is Levy processes conditioned to have a prespecified marginal law at 
the endpoint of the bridge (see also the Ph.D. dissertation of Hoyle [IZ])- Bichard [7] considered 
so-called bridged Wiener sheets, that is Wiener sheets which are forced to take some values along 
specified curves. 
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In what follows first we give a motivation for our multidimensional results by presenting dif- 
ferent representations of the one- dimensional Ornstein-Uhlenbeck bridges, and then we briefly 
summarize the structure of the paper. 



Motivation: representations of one-dimensional Ornstein-Uhlenbeck bridges 

Let {Bt)t^Q be a standard Wiener process and for g 7^ 0, cr 7^ let us consider the stochastic 
differential equation (SDE) 



fl.ll 



dZt = qZtdt + adBt, t ^ 0, 
Zo = 0. 



It is known that there exists a strong solution of this SDE, namely 
(1.2) Zt = a [ e^(*-")d5„ t ^ 0, 







and strong uniqueness for the SDE (II. ip holds. The process {Zt)t^o is called a one- dimensional 
Ornstein-Uhlenbeck process (OU-process). It is a time- homogeneous Gauss-Markov process with 
transition densities 



(1.3) pf(x,y)= , exp<^-^^ — ^ , ^ > 0, x,y eR, 
where we set 

(1.4) K,{t) := — = — sinh(gt), t ^ 0. 

Zq q 

For a, 6 G M and T > 0, by an Ornstein-Uhlenbeck bridge from a to 6 over the time interval 
[0, T] derived from Z we understand a Markov process {Ut)t<a[Q,T] with initial distribution 
P{Uq = a) = 1, with P{Ut = b) = 1 and with transition densities 



1.5) P.>,y) = ^£^%^^^%^, x,,GM, 0^.<t<T. 



We also note that Ut converges almost surely to 6 as t ^ see, e.g., Fitzsimmons, Pitman and 
Yor [131 Proposition 1]. For the construction of bridges derived from a general time-homogeneous 
Markov process using only its transition densities, see, e.g., Barczy and Pap ^ and Chaumont 
and Uribe Bravo [8]. Standard calculations yield that for x, ?/ G M and ^ s < t < T, 

{/ _ sinh(g(T-t)) \^ 
[y sinh(g(T-s)) ^) 

which is a Gauss density (as a function of y) with mean ^^^[^(^1^)) x and variance a{s, t), where 
for all ^ s ^ t < T, 



;i.7) a{s,t):=a 



2 Kq{T — t)Kg(t — s) sinh(g(T — t)) sinh(g(t — s)) 



Kq(T — s) q sinh((7(T — s)) 
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Note that if a = then for any g G M the unique (deterministic) solution of (11 .ip is Zt = 
for all t ^ (which coincides with its own bridge from to 0). On the other hand, if g = and 
cr 7^ 0, the unique strong solution of the SDE (11. ip is the Wiener process Zf = crBt, t ^ 0, and 
it is well known that the Wiener bridge {Ut)t(^[o,T] from to over [0, T] derived from Z = aB 
admits the (stochastic) integral representation 

(1.8) Ut = a [ ^^dB,, te[0,T), 

see, e.g.. Section 5.6.B in Karatzas and Shreve [22]. Moreover, one easily verifies that {Ut)teio,T] 
is a Markov process with transition densities 

1 ( (v-—xY] 

(1.9) p^tix, y) = , exp <^ > , 2;, ?/ G M, ^ s < t < T, 
^ ^ ^ v/27r5(s,t) \ 2(T(s,t) J' 'y ' - 

where d'{s,t) := C^^K*"^) for all ^ s < t < T, and that (11. 5p is satisfied with 6 = 0, U 
being replaced by U and 

Comparing (ll.6p with (II. 9p . it is quite reasonable that an integral representation for the Ornstein- 
Uhlenbeck bridge from to over [0, T] derived from the process Z given by the SDE (II. ID 
should have the form 

sinh(g(T-t)) 







and in fact this is made precise in the sequel. We will further consider general multivariate linear 
process bridges. 

Besides the integral representation (II. 8p of the Wiener bridge {Ut)teio,T] from to over 
[0, T], one can find two equivalent representations in the literature. Namely, by Section 5.6.B in 
Karatzas and Shreve [22], 



(1.10) 
and 




-j^^Utdt + dBt, te[o,T), 
0, 



(1.11) Ut = Bt~^BT, te[0,T]. 

The representation (II. 8p with a = 1 is just a strong solution of the SDE (ll.lOp . So, the equations 
(II. 8p with (7 = 1 and (ll.lOp define the same process (Ut)ti^[o^T]- However, the equation (II. lip 
does not define the same process as the equations (II. 8p with cr = 1 and (ll.lOp . The equality 
between representations ( II. 8p with a = 1, (ll.lOp and (11. lip is only an equality in law, i.e., they 
determine the same probability measure on (C([0, T]), i3(C([0, T]))), where C([0,T]) denotes 
the set of all real- valued continuous functions on [0,T] and B{C{[0,T])) is the Borel a-algebra 
on it. The fact that the processes U and U are different follows from the fact that the process U 
is adapted to the filtration generated by B, while the process U is not. Indeed, to construct U 
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we need the random variable Bt- One can call (ll.lip a non-adapted, anticipative representation 
of a Wiener bridge. The attribute anticipative indicates that for the definition of Ut we use the 
random variable B^, where the time point T is after the time point t. 

A similar anticipative representation of an Ornstein-Uhlenbeck bridge derived from the SDE 
(11.11) can be found on page 378 in Donati-Martin [TT] and in Lemma 1 in Papiez and Sandison |27j . 
Donati-Martin gave an anticipative representation of an Ornstein-Uhlenbeck bridge from a = to 
b = derived from the SDE (11. ip with g < and o" = 1, while Papiez and Sandison formulated 
their lemma in case of arbitrary starting point a and ending point b, but only for special values 
of q and a, but their proof is also valid for all q ^ and a ^ (see our Remark 13. ip . 

Moreover, concerning the relationship between Wiener processes and Wiener bridges, by Prob- 
lem 5.6.13 in Karatzas and Shreve [22], if T > is fixed and {Bt)t^o is a standard Wiener 
process (starting from 0), then for all n G N, < ti < . . . < t„ < T, the conditional distribution 
of {Btj^, . . . , Bt^) given Bt = equals the distribution of {Utj^, . . . ,Ut„), where U is given by 
(OD with a = 1 or by ffLTOj) . 

Finally, we note that the transition densities p^^{x,y), x,y E M, ^ s < t < T, of the 
process bridge {Ut)t£io,T] can be derived using Doob's /i-transform (see Doob tl2]|). In Section [2] 
we briefly study this approach for general multivariate linear process bridges. 

Structure of the paper 

In Section [2] we derive multidimensional linear process bridges from a multidimensional linear 
non time-homogeneous process Z given by the SDE (12. ip using only the transition densities 
of Z, see Theorem 12.11 and Definition 12.11 We also give an integral and a so-called anticipative 
representation of the derived bridge, see formulae (12. lip and (12.130 . respectively. We derive an SDE 
satisfied by this integral representation, see Theorem 12. 2[ and in Proposition 12. II we prove a usual 
conditioning property for general multidimensional linear process bridges. In Remark |2. II we point 
out that the integral representation and anticipative representation of the bridge are quite different. 
To shed more light on the different behavior of the different bridge representations, in a companion 
paper we will study sample path deviations of the Wiener process and the Ornstein-Uhlenbeck 
process from its bridges, see Barczy and Kern [3] . In Remark 12.21 we study that the SDE derived 
for the integral representation can be considered as a consequence of Proposition 3 in Delyon and 
Hu [TU] . We use the expression 'can be considered' since the definition of bridges given in Delyon 
and Hu [10] and in the present paper are different. We have a different approach coming from the 
possibility that in our special case we are able to explicitly calculate the transition densities of the 
bridge from which we deduce an integral representation and finally end up with the same SDE of 
Proposition 3 in Delyon and Hu [TU] such that this integral representation is a strong solution of the 
above mentioned SDE. We also note that the SDE of Proposition 3 in Delyon and Hu [TU] contains 
the solution of a deterministic differential equation (see Remark l2.2p which solution always remains 
abstract, while in our special case we have an explicit solution via evolution matrices (see Section 
[2]). Theorem 2 of Delyon and Hu [10] gives anticipative representations of general multidimensional 
conditioned diffusions, in Remark 12.31 we compare our results for anticipative representations of 
process bridges in the multidimensional case with the corresponding results of Delyon and Hu jlOj . 
Concerning anticipative representations of one-dimensional Gauss bridges see the recent paper of 
Gasbarra, Sottinen and Valkeila [15\. Remark 12.41 is devoted to studying the construction of a 
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bridge by subtracting from a process its conditional expectation given the process at a prescribed 
time point (the endpoint of the bridge). 

In Section |3] we formulate our multidimensional results in case of dimension one which includes 
also the study of usual Ornstein-Uhlenbeck bridges. We note that not all of the results are 
immediate consequences of the multidimensional ones and in case of dimension one we can give 
an illuminating explanation for the anticipative representation motivated by Lemma 1 in Papiez 
and Sandison [27], see Remark 13. 1[ Moreover, in Remark 13.61 we discuss the connections between 
Propositions 4 and 9 in Gasbarra, Sottinen and Valkeila [15] and our Theorems 13.31 and 13.11 
(anticipative and integral representation of the bridge in case of dimension one). 

Section H] (Appendix) is devoted to the proofs of our results and contains also a supplement 
for our assumption on Kalman type matrices (introduced in Section [2]). 



2 Multidimensional linear process bridges 

Let N, M and M+ denote the set of positive integers, real numbers and non-negative real 
numbers, respectively. For all n, mGN, let M"^*" and In denote the set of nxm matrices 
with real entries and the n x n identity matrix, respectively. 

For all d, p G N, let us consider a general dimensional linear process given by the linear 
SDE 

(2.1) dZt= {Q{t)Zt + r{t))dt + J:{t)dBt, t^O, 

with continuous functions Q : R+ ^ M'^'^'^, E : R+ R'^^p and r : R+ ^ M*^, where (Bt)t^o 
is a p-dimensional standard Wiener process on a filtered probability space {fl, J^, {J^t)t^o, P) 
satisfying the usual conditions (the filtration being constructed by the help of B), i.e., {Q, T , P) 
is complete, {J^t)t^o is right continuous, J-q contains all the P-nuU sets in and J^oo = J^, 
where J-'oo '■= cr (IJt>o'^0' ^-S-' Karatzas and Shreve [22J, Section 5. 2. A]. It is known that 
there exists a strong solution of the SDE fl2.ip . namely 



(2.2) Zt = ^t) 



Zo+ / <^-\s)r{s) ds + [ <l>-\s)^{s)dB, 
Jo Jo 



t ^ 0, 



where $ is a solution to the deterministic matrix differential equation $'(t) = (5(t)$(t), t ^ 0, 
with $(0) = Id and strong uniqueness for the SDE (12. ip holds, see, e.g., Karatzas and Shreve 
[22| Section 5.6]. The unique solution of the above matrix differential equation can be given as 
$(t) = E{t, 0), t ^ 0, in terms of the evolution matrices 



E{t,s) = Id+ Q{ti)dti + J2 / ••■ / Q{ti)---Q{tk)dtkdtk-i---dh 

for s,t ^ 0. Indeed, by Theorem 1.8.2 in Conti [9J, the general d-dimensional solution y{t) : R_|_ — ?■ 
Qf y'^^^ _ Q(j.^y(j.^^ t ^ 0, is represented by y(t) = E(t,s)y{s) for all s,t ^ 0, which shows 
that <I>(t) = E{t,0), t ^ 0. Note that, since Q is continuous, there exists an L > such that 
||Q(m)|| ^ L for all u G [min(s, t), max(s, t)], s,t ^ (with some fixed matrix norm ||.|| on R'^^'^), 
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and hence one easily calculates ^ e'^l*"''L Note also that if Q{t) = Q e R'^'^'^, t ^ 0, is 

constant then E{t, s) = e*^*"**)*^ for t, s ^ 0, and hence = e*'^, t ^ 0. 

We will make frequent use of the following properties of evolution matrices stated as equations 
(1.9.2) and (1.9.3) in Conti [9]. For all r,s,t^ Owe have 

(2.3) E{t,s)E{s,r) = E{t,r), 

(2.4) E{t,t) = h, E{t,s)-' = E{s,t), 

(2.5) diE{t, s) = Q{t)E{t, s), d2E{t, s) = -E{t, s)Q(s). 

The unique strong solution of the SDE f l2.ip can now be written as 

Zt = E{t,0)Zo+ [ E{t,s)r{s)ds+ [ E(t, s)S(s) dB„ t ^ 0. 
Jo Jo 

Here and in what follows we assume that Zq has a Gauss distribution independent of the Wiener 
process (Bf)t^o- Then we may define the filtration {J^t)t^o such that cr{Zo, : ^ s ^ t} C J-t 
for all t ^ 0, see, e.g., Karatzas and Shreve [221 Section 5. 2. A]. 

We will call the process (Zt)t^o a (i- dimensional linear process. 

One can easily derive that for ^ s ^ t we have 

(2.6) Zt = E{t,s)Zs+ I E{t,u)Y{u)du+ ! E(t, m)S(u) dB„. 

J s J s 

Hence, given Zg = x, the distribution of Zt does not depend on {Zu)ue[o,s) and thus {Zt)t^o is a 
Gauss-Markov process (see, e.g., Karatzas and Shreve [22] Problem 5.6.2]). For any ^ s ^ t and 
X G M'^ let us define 

m^(s,t):=x+ / E{s,u)r{u)du and m^(s,t):=x— / E{t,u)r{u) du. 

J s J s 

Then for any x G M'^ and ^ s < t the conditional distribution of Zt given = x is Gauss with 
mean ^ 

mx(s, t) := E{t, s)m+(s, t) = E{t, s)x + E{t, u)r{u)du, 
and with covariance matrix of Kalman type (see Kalman pT] ) 



K{s,t) := ! E{t,u)^{u)^{uy E{t,uy du. 

J s 

The matrices n{s, t) are symmetric and positive semi-definite for all ^ s < t, and in what follows 
we put the following assumption: 

(2.7) K{s,t) is positive definite for all ^ s < t. 

From control theory of linear systems we owe sufficient conditions for positive definiteness of the 
Kalman matrices (see, e.g.. Theorems 7.7.1 - 7.7.3 in Conti [9]) which we present in the Appendix, 
see Proposition 14.11 
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Hence the transition densities of the Gauss-Markov process (Zt)t^o read as 

for all ^ s < t and x, y G M'^. Our aim is to derive a process bridge from Z, namely, we 
will consider a bridge from a to b over the time interval [0,T], where a, b G M"^ and T > 0. 
Generalizing the formula (2.7) in Fitzsimmons, Pitman and Yor [Tl] to multidimensional non time- 
homogeneous Markov processes, for fixed T > we are looking for a Markov process {\Jt)te[o,T] 
with initial distribution P(Uo = a) = 1 and with transition densities 

(2.9) pS(x,y) = ^^^^^¥^^^^ x,yGM^ 0^s<t<T, 

PJ,t(x, b) 

provided that such a process exists. To properly speak of (Ut)ig[o,T] as a process bridge, we shall 
study the limit behavior of Ut as 1 1 T, namely, we shall show that — )■ b =: U-r almost surely 
and also in as 1 1 ^ (see Theorem 12. ip . 

Our approach can also be seen in the context of Doob's /i-transform (see Doob [12]) as follows. 
For bounded Borel-measurable functions / : M.^ x M*^ — )■ R one can define a family of operators 

{Ps,t)o^s<t by 

P,,J(s,x):= / /(t,y)pf,(x,y)dy 



for ^ s < t and x G R"^. Then 

|P,,J(s,x)|^ / |/(t,y)|pj,(x,y)dy^ sup|/(t,y)|<oo, 

P,,i/(s,Z,) = E(/(t,Zi)|Z,) P-a.s., 

and the family {Ps,t)oi:s<t forms a hemigroup of transition operators for the Markov process Z. 
Indeed, for ^ s < r < t and x G M'^ we observe 

Ps,rPr,tf{s,x) = Pr,tfir,y)pl^.{x,y)dy = / /(t, z) ^^^^(y, z) dzpf ,.(x, y) dy 
/(t,z) / pj,(x,y)p^^,(y,z)dydz 

= [ /(t,z)pf_,(x,z)dz = P,,i/(s,x). 

For fixed T > and b G M*^ we now define the function 

h : [0, T) X M"' ^ by h{t, x) = pjr(x, b), t G [0, T), x G M"*. 

By 02.81) . h is positive and bounded on [0,t] x for every < t < T. Indeed, fl2.7p yields 
that 

inf detK(s,T) > 0, t G [0,T), 

s&[0,t] 
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and hence 

/ X -1/2 

sup \h{s,x)\ ^ [{2n)'^ M detK{s,T)] < oo, t e [0,T). 

This yields that Ps,th{s, x) is defined for all ^ s < t < T and x G M'^, although it can happen 
that h is not bounded on [0,T) x Mf^ (as it is in the case of Z being a one-dimensional standard 
Wiener process). Then h is space-time harmonic for the Markov process Z in the sense that 

PM^f Ht,y)fyM^ f pJ.,..y)p?,(y.b)dy^p?.,(x.b)^M..x) 

for ^ s < t < T and x G Mf^. Now a generalization of Doob's /i-transform approach (see Doob 
jl2] gives a new operator hemigroup 

htf = \PsAhf). 0^s<t<T 

with 

P,,,/(s,x) = — l^P,,t(/i/)(s,x) = — 1^ / /i(t,y)/(t,y)pj,(x,y)dy 

where / : M+ x R'^ — M is a bounded Borel-measurable function and x G M.'^, i.e., the transition 
operators {Ps,t)o!is<t<T belong to a new Markov process (Ut)osit<T, the desired process bridge, 
with transition densities {pYt)o^s<t<T given by ( 12. 9p . 

For T > 0, < s < t < T and a, b G M'^, let us define 

r(s,t) := E{s,t)K{s,t) = E{s,u)^{u)T.{uY E(t,uy du, 
E{s,t) ■.= T{t,T)T{s,T)-'T{s,t), 

and 

(2.10) na,b(s, t) := r(t, T)r(s, T)-im+(s, t) + r(s, t)^ (r(s, T)T) " (t, T). 

In what follows we prove the existence of a Markov process {\Jt)te[o,T] with initial distribution 
P(Uo = a) = 1 and with transition densities pYt given in (12.91) such that Ut — )■ b =: almost 
surely and also in as t ^ ^- First we present an auxiliary lemma. 

2.1 Lemma. Let us suppose that condition (12.71) holds. Let b G M'^ and T > be fixed. Then for 
all ^ s < t < T and x, y G M"' we have 

pf,f(x,y)Pt^r(y.b) 
P?,t(x, b) 

= ^(2.)^d'etE(M) { " ' ^ ~ } ' 

which is a Gauss density with mean vector nx,b('S, t) and with covariance matrix S(s,t). 
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The proof of Lemma 12.11 can be found in the Appendix. 



2.1 Theorem. Let us suppose that condition (12.71) holds. For fixed a, b G M*^ and T > 0, let the 

process (\Jt)telo,T) be given by 

(2.11) :=na,b(0,t) + r(t,T) / r(M,T)-iS(M)dB,, te[0,T). 

Jo 

Then for any t E [0, T) the distribution ofUt is Gauss with mean na,b(0, t) and covariance matrix 
E(0,t). Especially, Ut — )■ b almost surely (and hence in probability) and in as t ^ T. Hence 
the process (\Jt)te[o,T) can be extended to an almost surely (and hence stochastically) and L^- 
continuous process {\Jt)t&[Q,T] with Uq = a and Ut = b. Moreover, {\Jt)te[o,T] is a Gauss-Markov 
process and for any x G M'^ and ^ s < t < T the transition density M'^ 9 y i— )■ ^^^(x, y) of \Jt 
given Us = x zs given by 

which coincides with the density given in Lemma \2.1[ 

The proof of Theorem 12.11 can be found in the Appendix. 

2.1 Definition. Let {Zt)t^Q be the d-dimensional linear process given by the SDE 02. II) with an 
initial Gauss random variable Zq independent of (Bt)(^o CLnd let us assume that condition (12.71) 
holds. For fixed a, b G M'^ and T > 0, the process (\Jt)teio,T] defined in Theorem \2.1\ is called a 
linear process bridge from a to b over [0,T] derived from Z. More generally, we call any almost 
surely continuous (Gauss) process on the time interval [0,T] having the same finite- dimensional 
distributions as {\Jt)t&[Q^T] o multidimensional linear process bridge from a to b over [0,T] derived 
from Z. 

Formula (12.111) can be considered as an integral representation of the linear process bridge U. 
In the next theorem we present an SDE satisfied by the linear process bridge U. 

2.2 Theorem. Let us suppose that condition (12. 7p holds. The process (\Jt)te[o,T) defined by (12.111) 
is a strong solution of the linear SDE 



dU 

(2.12) 



(g(t)-s(t)s(t)^E(r,t)^r(t,r)-i)Ui 

+ S(t)S(t)^ (r(t, Tf) "'m-(t, T) + r(t)l dt + S(t) dB^ 
for t G [0, T) and with initial condition Uq = a, and strong uniqueness for the SDE (12.121) holds. 
The proof of Theorem 12.21 can be found in the Appendix. 

Now we turn to give alternative representations of the bridge. The next theorem is about the 
existence of a so-called anticipative representation of the bridge which is a weak solution to the 
bridge SDE (12J2|) . 
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2.3 Theorem. Let a, b G M'^ and T > be fixed. Let {Zt)t^o be the linear process given by the 
SDE fl2.ip with initial condition Zq = and let us assume that condition (\2.7\i holds. Then the 

process (Yt)telo,T] given by 

(2.13) Yt := r(t, r)r(o, ry^a + - r(o, ty (r(o, ry) '\zt - b), t g [o, r], 

equals in law the linear process bridge (Ut)te[o,T] from a to b over [0,T] derived from Z. 
The proof of Theorem 12.31 can be found in the Appendix. 

Next we present a usual conditioning property for multidimensional linear process bridges. 

2.1 Proposition. Let a, b G M'* and T > be fixed. Let (Zf)(j>o be the d-dimensional linear 
process given by the SDE (12.11) with initial condition Zq = a and let us assume that condition 
(12. 7p holds. Let n G N and < ti < t2 < ■ ■ ■ < tn < T . Then the conditional distribution of 
(Z^,...,Z^)^ given Z^ = b equals the distribution o/ (Uj, . . . , U^)^, where {\Jt)t£[o,T] is the 
linear process bridge from a to h over [0,T] derived from [Zt)t^o. 

The proof of Proposition 12.11 can be found in the Appendix. One can also realize that in case 
of time-homogeneity Proposition 12.11 is a consequence of Proposition 1 in Fitzsimmons, Pitman 
and Yor [H]. To be more precise, restricting considerations to our situation of a rf-dimensional 
linear process {Zt)t^Q given by the SDE (12. ip with initial condition Zq = a, Proposition 1 in 
Fitzsimmons, Pitman and Yor [T3] states that if Z is time-homogeneous (with transition densities 
(x, y) := g^j(x, y) for all s,t ^ and x, y G M°'), then for fixed a, b G M°', T > there exists 
a unique probability measure P^^, on {Q,J^t-) such that {Zt)t£[o,T) under P^^ is a (non time- 
homogeneous) Markov process with transition densities given by (12. 9p . where Q is the set of all real- 
valued cadlag functions on [0, oo), {Ft)t^o is the natural (uncompleted) filtration of the coordinate 
process {Zt)t^Q on (which we also denote by Z for simplicity) and J^t- '■= <^ (^Ute[o t) -^t) • 
Moreover, by Proposition 1 in Fitzsimmons, Pitman and Yor [H], (Pab)beM'* is a regular version 
of the family of conditional distributions P(- | Z^^ = b), b G M'^, where P denotes the law of 
(Zt)i^o- Hence for any n G N, < ti < ■ ■ ■ t„ < T and any A G BiW"'-), by Theorem [2A1 we get 

P((Z,^, . . . , zlY eA\ZT = h) = Pjb((z,T, • • • , e A) = P((u^ , . . . , vlV g A). 

The next remark shows that the integral and anticipative representation of the bridge are quite 
different. 

2.1 Remark. Note that the process (Yi)(g[o,T] defined in (I2.13P is only a weak solution of the 
SDE (I2.12p . since in contrast to the bridge {\Jt)t(^io,T] h is not adapted to the filtration {J^t)t^o of 
the underlying Wiener process B. This can be easily seen by the definition of Y^ which requires 
the knowledge of Zt at any time point t G (0, T). Nevertheless we have Yt and Zt are independent 
for any t G [0,T], since by part (a) of Lemma [4.41 

Cov(Y4, Zt) = Cov(Zt, Zt) - r(0, t)^ (r(0, T)^) ' Cov(Zt, Zt) 

= r(o, t)'^E{T, 0)^ - r(o, t)^ (r(o, t)^) "^r(o, t)'^e{t, o)^ = o g m'^^'^, 

and the random vector (Y^^^, Zj)^ has a Gauss distribution. 
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In the next remark we compare the SDE ( 12.12^ derived for the integral representation ( I2.1ip 
of the bridge U with the corresponding result of Delyon and Hu [IQj . 



2.2 Remark. In this remark we discuss the connections between Proposition 3 in Delyon and Hu 
pLOj and our Theorem I2.2[ Let p, (i G N and let us consider the SDE 

= iA{t)Zt + g(t) + (T(t)h(t, Zt)) dt + a{t) dBt, t ^ 0, 
= a, 



(2.14) 




where a G W', A : M+ — > W'-^'^, g : IR+ — > R'^ and a : R+ — > W''^^ are continuous functions, 
h : R_(_ X R"' — )• RP is a locally bounded function such that it is locally Lipschitz with respect to 
its second variable uniformly with respect to its first variable, i.e., for any i? > 0, there exists a 
constant Cr > such that for any (t, x), (t,y) G R+ x R"' with ||x|| ^ R, ||y|| ^ R we have 

||h(t,x)-h(t,y)|| ^Cnllx-yll, Wt^O. 

Moreover, we assume that the SDE fl2.14p has a (unique) strong solution (the question of unique- 
ness is not important here, Delyon and Hu [10] suppose only that there exists a strong solution), 
h is continuous with respect to its first variable, and that a admits a measurable left pseudo- 
inverse, denoted by cr"*" := ((T^cr)^V^, which is left continuous (here for simplicity we suppose 
also that the symmetric matrix a^a is positive definite). Let us denote by Pt, t ^ 0, the 
unique solution of the deterministic matrix differential equation Pj. = A{t)Pt, t ^ 0, with initial 
condition Pq = Id. With the special choices h(t) := 0, t ^ 0, g(t) := r(t), t ^ 0, A{t) := Q{t), 
t ^ 0, a{t) := S(t), t ^ 0, we get the SDE (12^^]) is the same as the SDE with initial 
condition Zq = a. Further, we have Pt = E{t, 0), t ^ 0, and, by fl^ and ([23D, 

Mt := p-^a{u)a{vy{p-^y " / ^^^^ 



T 



E{0, u)E{u)E{u) ' E{0, m) ' dw = E(0, t)T{t, T)E{0, T) ' 

= E(0, t)E{t, T)K{t, T)E{0, = E{0, T)K{t, T)E{0, T)^, t G [0, T]. 

Hence, by our assumption (12.71) on n, Mt is positive definite for all tG [0,T). Since Q, r and S 
are continuous, if we suppose also that S has a left continuous (measurable) left pseudo-inverse, 
which is guaranteed by assuming that SS^ is positive definite, then, by Proposition 3 in Delyon 
and Hu [TU], the bridge (\Jt)telo,T] from a to b over [0,T] derived from Z given by the SDE 
(13.11) (with initial condition Zq = a) is a strong solution of the SDE 

(2.15) 

'dVt = A{t)Vtdt + g{t)dt + a(t)a(t)T(p-i)TA//-i (p,-'(EZt - U^) - P^^EZt - b)) dt 
+ a{t)dBt, tG[0,T), 
Uo = a. 

To be a little bit more precise, the definition of a bridge in Delyon and Hu [TU] is different from 
our definition: they define a bridge as in Qian and Zheng [2^, Lyons and Zheng [25], i.e., via 
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Radon- Ny CO dim derivatives (detailed below), and using their Theorem 2 and Proposition 3 the 
bridge process is not a strong solution of the SDE (I2.15p . but equals in law to this strong solution. 
We also note that the results of Qian and Zheng [22] and Lyons and Zheng are valid for 
time-homogeneous diffusions, while Delyon and Hu [lOj consider time inhomogeneous diffusions. 
Further, Qian and Zheng |29] refer to their Section 2.1 on conditional processes as a set of folklore 
facts for which they could not find a reference. In what follows we briefly describe a possible 
heuristic approach for time inhomogeneous diffusions which is a counterpart of the approach 
presented in Qian and Zheng [2^, Section 2.1] for time homogeneous diffusions. Let P^j, be the 

probability measure on J^t- = ([Jte[o t) -^t^ defined by 

Pjb(F) := / ^0.^^ dP, FeJ't, te [0,T), 

i.e., the Radon-Nycodim derivative of P^^ with respect to P^', considering them as probability 
measures on is given by 

dPL_P^(Z*,b) 



dPr p?r(a, b) 



where P^* is given by 



Pf'(F):=y|^pJ,(a,Z,)dP, FeTf 



Using that Z is almost surely (left) continuous we get J^t~ = J^t (see, e.g., Karatzas and Shreve 
[22l Problem 2.7.6 and Corollary 2.7.8]), and hence P^^, is a probability measure also on J-y. A 
possible generalization of Lemma 2.1 in Qian and Zheng [29] for time inhomogeneous diffusions 
sounds as follows: under the probability measure P^j,, the process (Z)tg[o,r] has a.s. continuous 
sample paths and admits transition densities given in (12. 9p . i.e.. 



Pl^iZt eB\Z,)= [ (Z„ y) dy, B G i3(M), 
Jb 



where i3(M) denotes the set of Borel sets in R. Moreover, by the introduction in Delyon and 
Hu [lO], Pgj-, equals the law of the weak solution of the SDE 

dVt= (Q(t)Vt + r(t) + (T(t)a(t)^L(t,VO)dt + S(t)dBi, [0,T), 

where 

L(t,x) := Vxlnpi^3.(x,b), te[0,T), x G M'', 

with the notation 



V./(x):= (|^(x),...,|^(x)) , x=(xi,...,a;,)G™'^ 



T 

dxi dxa 

for a differentiable function / : M*^ ^ M. Note that the above SDE is the SDE with a 
modified drift function. However, we can not address a rigorous proof of this approach and in fact 
this is one of the motivations for our different approach in the present paper. 
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The right hand side of the SDE ( I2.15P takes the form 



Q{t)Vtdt + r(t)dt + dBt + 0)~y{E{0, Ty)-'K{t, T)-'E{0, T)-' 

X (^E{t, 0)-i(m,(0, t) - Ut) - E{T, 0)-i(m,(0, T) - b)) dt. 
Here the coefficient of dt is equal to 

Q{t)Vt + r{t) + S(t)S(t)TE(0, t^EiT, 0)^^(1, T)-'E{T, 0) 

E{0,t) (E{t,0)a+ [ E{t,u)q{u)du-Vt 



E{0, T) (^E{T, 0)a + ^ E{T, u)q{u) du-h 



S(t)S(t)^E(0, tyE{T, Oy^it, T)-^E{T, 0) 



X (^j^ E{0, u)q{u) du - E{0, t)Vt - E{0, u)q{u) du + E{0, T)b^ + Q{t)Vt + r(t) 



-S(t)S(t)^E(T, t^nit, T)-^E{T, t)U 



t 

T 



- S(t)S(t)^^(T, tynit, T)-^E{T, 0) ^ E{0, u)q{u) du 

+ s(t)s(t)TE(r, ty^it, T)-% + g(t)Ut + r(t) 

= -S(t)E(t)^^(T, t)^r(t, r)-iUi + E(t)E(t)T(r(t, T)T)-imb (t, T) + Q{t)Vt + r(t). 

This imphes that the SDE (12.151) with our special choices is the same as the SDE fl2.12p in Theorem 
12.21 But we emphasize again that the definition of a bridge in Delyon and Hu [10] is different from 
our definition and also the proofs of Proposition 3 in Delyon and Hu \IU\ and our Theorem 12.21 
are different. Hence our Theorem 12.21 is not an immediate consequence of Proposition 3 in Delyon 
and Hu [TU|. 

In the next remark we compare the anticipative representation fl2.13p of the bridge U with 
the corresponding result in Delyon and Hu [TO] . 

2.3 Remark. In this remark we discuss the connections between Theorem 2 in Delyon and Hu 
[To] and our Theorem l2.3[ Let us consider the SDE fl2.14p in Remark |2.2[ With the special choices 
h{t) := 0, t ^ 0, g{t) := r{t), t ^ 0, A{t) := Q{t), t ^ 0, a{t) := S(t), t ^ 0, we get the SDE 
(I2.14p is the same as the SDE fl2.ll) with initial condition Zq = a. Theorem 2 in Delyon and Hu 
[TU] implies that the linear process bridge from a to b over [0, T] derived from Z*, which is given 
by the SDE (12. ip with initial condition Zq = a, equals in law the process 



^ t 



R*{t, T)R*{T, T)-^h + (z; - R*{t, T)R*{T, T)-^Z*j}j , t G [0, T], 



where R*{s,t) := Cov(Z*,Zj), s,t ^ 0, is the covariance function of Z*. Since Z^ = Eit,0)a+Zt, 
t ^ 0, where (Zt)t^o is given by the SDE (12.10 with initial condition Zq = 0, by Lemma HiU 
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we get for all t e [0,T], 

y; = (E(T,o)r(o,t))^((i?(T,o)r(o,T))^)-'b 

+ [E{t, 0)a + Zi - {E{T, 0)r(0, t))^ ((^(T, 0)r(0, T)y) '\e{T, 0)a + Z^) 

= r(o, t)^(r(o, Tyy'h + (^(t, o) - r(o, t)^(r(o, Ty)-'E{T, o)) a 

+ Zi-r(o,t)^(r(o,r)^)-iZT 
= r(t, T)r(o, T)-ia + Zi - r(o, t)^(r(o, Tyr'iZr - b) = Fi, 

where the last but one equality follows by part (c) of Lemma 14.21 The proof of our Theorem 12.31 
is the very same as the corresponding part of the proof of Theorem 2 in Delyon and Hu [TU]. 

2.4 Remark. With the notations of Remark 12.31 one may define a bridge from to over [0, T] 
derived from Z* by ZJ' — E{Z^ \ Z^), t G [0,T], subtracting from Z* its conditional expectation 
given the process at the endpoint of the bridge. Then, by Theorem 2 in Chapter II, §13 of Shiryaev 
[30] and our assumption (12.71) . it is known that the conditional distribution of ZJ' given Z^ = x 
is normal with mean EZ* + R*{t, T)R*{T, T)-\x - EZ^), t G [0, T]. Hence we have 

Z* - E(Z* I Z*t) = Z* - EZ* - R*{t,T)R*{T,T)-\Z*j. - EZ^) 

= Z* - R*{t, T)R*{T, T)-^Z*j. - E(Z* - R*{t, T)R*{T, T)"^Z^) 
= - EY; = - EYi, te [0,T], 

which is nothing else but the centered anticipative representation of the bridge from to 0. Thus 
in general this definition of the bridge has a different mean function than the bridge given by 
Definition O 

In case of dimension 1, we will also study the connections between Proposition 4 in Gasbarra, 
Sottinen and Valkeila |15j and our Theorem 12.31 The reason for restricting ourselves to the 
case dimension one is that Gasbarra, Sottinen and Valkeila [12] consider only one-dimensional 
processes. 

3 One-dimensional linear process bridges 

Let us consider a general one- dimensional linear process given by the linear SDE 

(3.1) dZt = {q{t) Zt + r{t)) dt + a{t) dBt, t^O, 

with continuous functions q : M+ — t- M, a : IR+ — t- M and r : M+ — t- M, where {Bt)t^o is a standard 
Wiener process. By Section 5.6 in Karatzas and Shreve [22j, it is known that there exists a strong 
solution of the SDE (13.11) . namely 

(3.2) Zt = e«"(*) (^Zo + ^ e-^"("V(s) + ^ e-«"(^V(s) dB^^ , t ^ 0, 
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with q{t) := q{u) du, t ^ 0, and strong uniqueness for the SDE (I3.ip holds. In what follows, 
we assume that Zq has a Gauss distribution independent of {Bt)t^o. We call the process {Zt)t^o a 
one-dimensional linear process. One can easily derive that for ^ s < t we have 

(3.3) Zt = e^"(*)-5"(^)Z, + ^ e«"W-«"("V(M) + e'^(*)-«"("V(M) dB^. 

Hence, given Zg = x, the distribution of Zt does not depend on {Zr)r£[o,s) which yields that 
{Zt)t^o is a Markov process. Moreover, for any x G M and ^ s < t the conditional distribution 
of Zt given Zg = x is Gauss with mean 



t 

m^(s,t) := e«"W-''(')x+ / e«"(*)-^"("V(M) dw, 

and with variance 



7(s,t) := / e2(5W-'?("))a2(M)dM < oo. 

J s 

In what follows we put the following assumption 

(3.4) a{t) ^ for all t ^ 0. 

This yields that the variance 7(s,t) is positive for all ^ s < t (which corresponds to condition 
(12.71) in dimension one). Hence {Zt)t^o is a Gauss-Markov process with transition densities 

For all a, 6 G M and ^ s ^ t < T, let us introduce the notations 

(3.6) n.,{s,t) := :^e^"^^)-W (b - j\^^^^-^^Mu) d«) + ^m.(.,t), 
and 

3.7 a := -— . 

Theorem 12.11 has the following consequence. 

3.1 Theorem. Let us suppose that condition (13. 4p holds. For fixed a, 6 G M and T > 0, let the 

process {Ut)te[Q,T) be given by 

(3.8) Ut := n,,t{0,t) + f ^ ^ [0'^)' 

r/ien for any t G [0,T) the distribution of Ut is Gauss with mean na^b{0,t) and with variance 
a{0,t). Especially, Ut b almost surely (and hence in probability) and in L"^ as t ^ T. Hence the 
process {Ut)t£[o,T) can be extended to an almost surely (and hence stochastically) and L'^- continuous 
process {Ut)t£[o,T] with Uq = a and Ut = b. Moreover, {Ut)t<^[o,T] is a Gauss-Markov process and 
for any x G M and ^ s < t < T the transition density M. 3 y P^ti^^v) of Ut given Us = x is 
given by 
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The proof of Theorem 13.11 can be found in the Appendix. 

For completeness we formulate the definition of a one- dimensional linear process bridge, which 
definition is a special case of the multidimensional one (see Definition 12. ip . 

3.1 Definition. Let {Zt)t^o be the one- dimensional linear process given by the SDE (13. ip with an 
initial Gauss random variable Zq independent of {Bt)t^Q and let us assume that condition (13. 4p 
holds. For fixed a, 6 G M and T > 0, the process {Ut)te[o,T] defined in Theorem \3.1\ is called a 
linear process bridge from a to b over [0,T] derived from Z. More generally, we call any almost 
surely continuous (Gauss) process on the time interval [0,T] having the same finite- dimensional 
distributions as (Ut)t£io,T] o, linear process bridge from a to b over [0,T] derived from Z. 

Theorem 12.21 has the following consequence. 

3.2 Theorem. Let us suppose that condition (13. 4p holds. The process {Ut)t&[o,T) defined by (13. 8p 
is a unique strong solution of the linear SDE 

/ 2(g(T)-g{t)) \ 

dUt = Ut) - —^-^a\t)] Utdt 
(3.9) ^ 

+ ir{t) + (b - e5(^)-^>V(M) duj a\t)] dt + a{t) dB^ 

for t G [0,T) and with initial condition Uq = a, and strong uniqueness for the SDE (13. 9 P holds. 

As a consequence of Theorem 12.31 we give an anticipative representation of the linear process 
bridge introduced in Theorem 13.11 and Definition 13.11 

3.3 Theorem. Let {Zt)t^o be a linear process given by the SDE (13. ip with initial condition 
Zq = and let us suppose that condition (13. 4p holds. Then the process (Yt)te[o^T] given by 

R{0,T) R(0,T) ' ' 

equals in law the linear process bridge {Ut)telo,T] from a to b over [0,T] derived from the process 
Z, where 

R{s, t) := 7(s, t)e'^(')-'^(*\ ^ s ^ t < T. 

Moreover, 

R{s, t) = e«(^)-«Wi?(t, t) - e^"W-^"(^)i?(s, s), ^ s ^ t ^ T, 
where R denotes the covariance function of Z, and 

7(0, t)\ , ,.(M)7(0,t) 



(3.10) 



7(0, T) 



V 7(0,T)y' 
+ (z,-e^-(^)-W^Z^), te[0,T]. 
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We remark that the process {Yt)te[o^T] in Theorem 13.31 can be written also in the form 

We also note that in Remark 13.11 we will give an illuminating explanation for the representation 

As a consequence of Proposition 12.11 now we present a usual conditioning property for one- 
dimensional linear processes. 

3.1 Proposition. Let a, 6 G M and T > he fixed. Let {Zt)t^Q he the one- dimensional linear 
process given hy the SDE (13.1 p with initial condition Zq = a and let us assume that condition 
(13. 4p holds. Let ri G N and < ti < t2 < . . . < tn < T. Then the conditional distrihution of 
[Ztj^, . . . , Zt^) given Zt = b equals the distrihution of {Utj^, . . . ,Ut„), where {Ut)telo,T] is the 
linear process hridge from a to b over [0,T] derived from {Zt)t^Q. 

Next we give an illuminating explanation for the representation fl3.10p in Theorem 13.31 (see 
Remark 13. ip . but preparatory we present a generalization of Lamperti transformation (see, e.g., 
Karlin and Taylor [23], page 218]) for one-dimensional linear processes. This generalization may 
be known, but we were not able to find any reference, its proof can be found in the Appendix. 

3.2 Proposition. Let {BDt^Q he a standard Wiener process starting from and 

Z; := mo(0,t) + e^"WE*(e-29W7(0,t)), t ^ 0. 

Then {Z^)t^o is a weak solution of the SDE (13. ip with initial condition Zq =0. 

3.1 Remark. Using Proposition 13.21 one can give an illuminating explanation for the representa- 
tion (I3.10p in Theorem 13. 3[ By Problem 5.6.14 in Karatzas and Shreve [22j, the process {Ut)t£[o,T] 
defined by 

f/i := + 4 + - 4^t1, te[0,T], 



T T \ T ^ 

equals in law the Wiener bridge from a to 6 over [0,T], where {Bt)t^o is a standard Wiener 
process. Motivated by Lemma 1 in Papiez and Sandison [2^ and Proposition 13. 2[ first we will 
do the time change [0,T] 9 t i— )■ e~'^^^^^'j{0,t), the rescaling with coefficient e^'-*-*, and then the 
translation with mo(0,t) for the process {Ut)te[o,T]- Namely, we consider the process 



e-2<?(r)^(0,T) e-2?m7(0,T) 
+B(e-^-W7(0,t)) - ^i^l^llly , t G [0,T]. 

Then for all t G [0, T] we have 

U: = mo(0,t) + a fe«-W - e^^-(^)--W^') + be^i^^ e^iT)-m lM_ 
V 7(0, T)y 7(0, T) 

+ e'^W5(e-25W7(0,t)) -e'?(^)-'?W^;^e«"(^)5(e-25(^)7(0,T)) = 

7(0, T) 
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V 7(0,T)y' ^ ' 7(0,T) 

V * 7(0, T) V' 

where, using Proposition 13. 2^ {Z^)t^Q equals in law the one-dimensional linear process given by 
the SDE (13. ip with initial condition Zq = 0. By Theorem 13.31 the process {Ul)t£[o,T] equals in 
law the one-dimensional linear process bridge (f/j)jg[o,T] from a to e^^'^^b + mo{0,T) over [0, T] 
derived from Z given by the SDE (13. ip with initial condition Zq = 0. Roughly speaking, we have 
to apply the same time change, rescaling and translation to the Wiener bridge from a to 6 over 
[0, T] in order to get the linear process bridge from a to e^^^^b + mo(0,T) over [0,T] (derived 
from Z given by the SDE (13. ip with initial condition Zq = 0) what we apply to a Wiener process 
in order to get the linear process Z. 

Especially, concerning Wiener bridges and Ornstein-Uhlenbeck bridges, we have to apply the 
same time change and rescaling to the Wiener bridge from a to 6 over [0, T] in order to get the 
Ornstein-Uhlenbeck bridge from a to e'^^b over [0,T] (derived from Z given by the SDE (II. ip ) 
what we apply to a Wiener process in order to get the Ornstein-Uhlenbeck process Z. We note 
that the original definition of an Ornstein-Uhlenbeck bridge of Papiez and Sandison is different 
from ours, they define the bridge as a probability measure on the space of continuous functions 
/ : [0,T] ^ M such that /(O) = a and /(T) = e^^b. 

Next we formulate special cases of the presented one- dimensional results. 

3.2 Remark. Note that in case of q(t) = g 7^ 0, t ^ 0, and a(t) = a 7^ 0, t ^ 0, (for any 
continuous deterministic forcing term r) the variance <j{s,t) defined by (13. 7p gives back (II. 7p . □ 

Theorem 13.11 has the following consequence. 

3.3 Remark. Note that in case of q{t) = q = 0, a{t) = cr 7^ 0, r{t) = 0, t ^ 0, and a = = b, 
we recover the Wiener bridge (L^j)jg[o,T] from to stated in (II. 8p . Moreover, in case of 

= 9 7^ 0) (^{t) = 7^ 0) ^(^) = 0, t ^ 0, the linear process bridge (Ornstein-Uhlenbeck 

bridge) {Ut)telo,T] from a to 6 over [0, T] defined in (13. 8 P has the form 

(3.12, . a -"'.fa'^ - . >^ . /' ^"t'^g ' d^- «-[0.n 

smh(gi ) smh(gi ) Jq smh(g(i — s)) 



and admits transition densities 



PsA^^y) = , exp 



_ sinh(g(f-3)) , _ sinh(9(T~f)) 
1 \y sinh(g(T-s)) ^ smh(g(T-s)) 



v/27ra(s,t) 2(T(s,t) 

for all ^ s < t < T and x, y G M, where cr(s, t) is given by (11.70 . 
Theorem 13.21 has the following consequence. 
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3.4 Remark. Note that in case of q{t) = g 7^ 0, a{t) = a ^0 and r{t) = 0, t ^ 0, the SDE 
(13.91) has the form 



(3.13) 



dUt = q (- coth(g(T - t)) Ut + 3i,h(,?T-t)) ) dt + adBt, [0,T), 
Uq = a. 



Note also that both the SDE (13.131) and the integral representation (13.121) are invariant under a 
change of sign for the parameter q. Hence the Ornstein-Uhlenbeck bridges derived from the SDE 
(11.11) with q and —q are (almost surely) pathwise identical. 

Theorem 13.31 has the following consequence. 



3.5 Remark. We consider a special case of Theorem 13. 3[ namely, let us suppose that r(t) = 0, 
i ^ 0, and that there exist real numbers q ^ and cr 7^ such that q{t) = q, t ^ 0, and 
a{t) = a, t ^ 0. Then q(t) = qt, t ^ 0, and 



(3.14) 



Ris,t) = 7(s,t)e«"W-«"« = a2e«(^-*) f e^ii^-) du = aV(^-*)l(e2^(*-^) - 1) 

J s ^(J 



and 



2 2 
= ^(e'^*"'^ - e-^(*-'^) = y sinh(g(t - s)), 0^s^t<:T, 

2 2 

R{s, t) = Cov(Z„ Zt) = — e«(^+*ni - e"^'') = — e^* sinh(gs) , ^ s ^ t. 

2q q 

An easy calculation shows that for all t G [0,T], 

mt) _ ,(T-t) Rjt.t) _ R{t,T) 

R{0,T) R{T,T) R{T,Ty 



R{0,T) RiT,T) 2q R{T,T) 

_ ^2 g2gT-gt _ ^qt ^ R{T - j.T) 

~ 2^ R{T, T) ~ R{T, T) 

Hence the process {Yt)te[>:),T] introduced in Theorem 13.31 (with our special choices of g, r and 
a) has the form 

R{T-t,T) , ^ R{t,T) , R{t,T) ^ \ 

Yt = a — , , h b + [Zt- , . Zt , t e [0,T\. 



R{T,T) R{T,T) V R{T,T) 
Moreover, by ( I3.14p . 

/oic-x V sinh(g(r-t)) sinh(gt) sinh(gt) \ + ^ rn t-i 

3.15 Yt = a . , — + b + [Zt- . Zt , t G 0, T . 

Finally, we remark that in case of g(t) = g 7^ 0, o(i) = a ^ 0, t ^ and r{t) = 0, t ^ with 
the special choices q = -^/hFijl and o = /c/4, where k > and 7 > 0, our Theorem 13.31 is 
the same as Lemma 1 in Papiez and Sandison 
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In the next remark we discuss the connections between Propositions 4 and 9 in Gasbarra, 
Sottinen and Valkeila pTOj and our Theorems 13.31 and 13.11 (anticipative and integral representation 
of the bridge in case of dimension one), respectively. 



3.6 Remark. It turns out that our Theorem l3.3l can be considered as a consequence of Proposition 
4 in Gasbarra, Sottinen and Valkeila [TB]. Namely, by Theorem 13. 3^ the process (l^)tg[o,T] given by 
(13. lip equals in law the one-dimensional linear process bridge from a to b over [0, T] derived 
from the process Z given by the SDE (13.11) with initial condition Zq = 0. By Proposition 4 in 
Gasbarra, Sottinen and Valkeila [15], if {Z^)t^o is given by the SDE 

dZ* = {q{t)Z; + r{t)) dt + (T(t) dBt, t ^ 0, 
Zq = a, 

then the bridge form a to 6 over [0, T] derived from Z* (defined as a Gauss process in the 
sense of Definition 2 in Gasbarra, Sottinen and Valkeila [T^) admits the representation 

where i?*(s, t) := Cov(Z*, Z^*, ) s, t ^ 0, is the covariance function of Z* . Since = e^*^*^a + Zt, 
t ^ 0, and R*{s,t) = R{s,t), s,t (where R denotes the covariance function of Z), we have 
for all t e [0,T], 

tEpI) + z; - Ep^z- 

R*{T,T) * R*{T,T) ^ 

RjTVFf J^^RiJvF) WTt)^)' 

as desired. But we emphasize that the definition of the bridge in Definition 2 in Gasbarra, Sottinen 
and Valkeila [I5] is via a properly defined conditional probability measure on the given probability 
space, and hence it differs from our definition of a bridge. Hence in this respect our Theorem 13.31 
is not an immediate consequence of Proposition 4 in Gasbarra, Sottinen and Valkeila |15] . 

Further, if {Zt)t^o is given by the SDE (13.11) with r{t) = 0, t ^ 0, and with initial condition 
Zq = 0, then the process 

(3.16) Mt:=a + e-^^'^Zt = a+ [ e-^^'^a{s) dS„ t ^ 0, 

Jo 

is a continuous Gauss martingale (with respect to the filtration {J^t)t^o introduced in Section [2]). 
By Proposition 9 in Gasbarra, Sottinen and Valkeila [15j, the anticipative representation of the 
bridge from a to e~^*^"^^6 over [0,T] derived from M is given by 

(3.17) f;..e-.,i0}l^(M,-i0|iM.), *.|0,T1, 
where (M) denotes the quadratic variation process of M. Since 

(3.18) {M)t = fe-^^^'^a\s) d(5), = fe-^^^'^a\s) ds = e-^^^'^^{0,t), t G [0,T], 

Jo Jo 
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( l3Tfl) yields for t e [0,T], 

^ ' liO,T) 7(0, T) ^ V 7(0, T); 

This implies that (e^*^*^Ff)tg[o,T] coincides with f l3.10p . the anticipative representation of the bridge 
from a to 6 over [0, T] derived from Z. 

Moreover, motivated by equation (3.2) in Proposition 9 of Gasbarra, Sottinen and Valkeila [TS] 
(in case of Zq = and r(t) = 0, t ^ 0) a non-anticipative (integral) representation of the bridge 
from a to e~^^^^b over [0,T] derived from M is given by 

(3.20) &, :^ a + (e-^. - a) + dM.. < . ,0. T], 

where, similarly to fl3.18p . {M)T,t, t G [0,T], is given by 



{M)T,t := {M)t - {M)t 



^ e-2^"(V(s) d(i?), = e-25Wa2(s)ds = e-2^"(^)7(t,r)- 
Hence fl3:20|) . (13161) and fl3A8D yield for t G [0,T] 

V 7(0,T); 7(0,T) io 7(^,T) ^ ' 

which imphes that {e^^''^^Ut)te[o,T] coincides with (13. Sp . the integral representation of the bridge 
from a to 6 over [0,T] derived from Z, since from the definition of (7(5, t))o^s^t one can easily 
derive that 

e^-W _ e2,-(T)-5W 7(M) ^ ^mll^ t E [0, T). 

7(0, T) 7(0, T)' L J 



4 Appendix 

First we give sufficient conditions for positive definiteness of the Kalman matrices introduced in 
Section [2], see, e.g.. Theorems 7.7.1-7.7.3 in Conti p]. 

4.1 Proposition. Let ^ s < t be given. Then K,{s,t) is positive definite if one of the following 
conditions is satisfied: 

(a) there exists to G {s,t) such that S(to) has full rank d (for which p ^ d is required). 

(b) there exist to ^ (s,^)? o.iT' open neighborhood Iq around to o.iT'd some k eN such that 
S G C^^pl-^o), Q ^ ^dxd\h) and the controllability matrix [S(to), AS(to), • • • , A'^S(to)] 
has full rank d, where A is the operator AS(t) = S'(t) — Q(t)S(t), t G Jo and for all 
n, m G N, Cn^^{Io) denotes the set of k -times continuously differentiable functions on Iq 
with values in M"^'" (for which {k + l)p ^ d is required). 

(c) there exist to ^ (■Sjt), an open neighborhood Iq around to and some /c G N such that 
S G Cl^p{Io), Q G C^^j(/o) and the controllability matrix [S(to), AS(to), . . . , A^S(to)] 
has full rank d, where C^'^^(/o) denotes the set of infinitely differentiable functions on Iq 
with values in W^^"^ (for which {k + l)p ^ d is required). 
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Next we present two lemmata which will be used several times in the proofs later on. 

4.1 Lemma. Let us suppose that condition (12. 7p holds. For fixed T > and all ^ s < t < T, 
(4.1) S(s, ty^ = k{s, t)-^ + E{T, t^Kit, T)-'^E{T, t). 

Especially, S(s,t) is symmetric and positive definite for all ^ s < t < T. 

Proof. By assumption (12. 7p . K{s,t) is symmetric and positive definite for all ^ s < t, which 
implies that the right-hand side of (14. ip . and thus also its inverse, is symmetric and positive 
definite. For 0^s<t<Twe calculate 

k{s, t)-^ + E{T, t^Kit, T)-^E{T, t) 

= k{s, t)-^ {Id + k{s, t)E{T, tYnit, T)-^E{T, t)) 

= k{s, t)-^ + ^ E{t, m)S(m)S(m)^E(T, uy du 

X (^j^ E{t,u)J:{u)J:{uyE{T,uy du 

= k{s, t)-^ E{t, M)s(M)s(M)^E(r, uy duT{t, ry^ 

= Tis,ty'T{s,T)Tit,Ty' = ^is,ty\ 
which concludes the proof. □ 

4.2 Lemma. Let us suppose that condition (12.70 holds. For fixed T > and all ^ s < t < T 

we have 

(a) Kit, ry^ - k{s, t)-i = r(s, ry^ris, t) (r(t, ry) -\ 

(b) i:{s,t) = T{t,T) [ T{u,Ty^J:{u)i:{uy{T{u,Tyy^duT{t,Ty, 



rc) Eit, 0) - r(o, ty (r(o, ry) -^e{t, o) = r(t, T)r(o, Ty\ 



(d) r(s, TyE{t, sy - E{T, s)T{s, t) = r(t, r)^. 

Proof. Since ^(t, T) is symmetric we calculate 

:(t,T)-i - K(s,T)-i = {K{t,Ty)-' - K{s,Ty' 

= Eit, T)T (r(t, ry) ' - r(s, ry^Eis, t) 
= Vis, ry' {Tis, T)Eit, ry - Eis, T)r(t, ry) (r(t, ry) ~\ 



where the middle factor coincides with 

r-T 



[ ^(s,u)S(M)S(n)^E(t,M)^dM- [ ^(s,u)S(M)S(u)^E(t,u)^dM = r(s,t), 

Js Jt 
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which proves (a). In a similar manner one can prove (c) and (d). To prove (b), note that the 
function (0, T) 9 m H- k,{u, T) G M'^^'^ is a differentiable curve in the set of symmetric and positive 
definite {d x (i)-matrices with 

d 

-diK{u,T) = -— / E{T,v)E{v)E{vyE{T,vydv = E(T,u)E{u)E(uf E(T,u)^ , u e (0,T). 



du _ ^ 

Using (a) and the fact that 9i T)^-'^) = —K{u,T)~^(^diK{u,T))K{u,Ty^,uE (0,T), see, e.g. 
formula (3.2) on page 73 in Baker [2j, we calculate 

r{u,T)-^j:{u)j:{uy {r{u,Tyy^ du 

T)-^E{T, u)S(m)S(u)^E(T, u^Kiu, T)-^ du 
k{u, T)~^ {di^iu, T)) k{u, T)^^ du 



= K{t,T)-' - Kis,T)-' = Tis,T)-'Tis,t){Tit,Ty)-\ 

from which the assertion of part (b) easily follows. □ 

Proof of Lemma [HIl Since det E(s, t) = det k{s, t) det ^(t, T) ( det k(s, T)) "\ for x, y G M'^ and 
^ s < t < T we obtain, by ^IM . 

PM(x,y)Pt^T(y>b) 1 f 1 , / ^l 

.^.(x,b) - V(2^)-detE(M) {-2 ^-(^'^V ' 
where using (14. ip and that 

b - my(t, T) = -E(T, t)y + m^ (t, T), 

we calculate 

^s,t(x, y) = (k(s, t)"^ (y - mx(s, t)) , y - mx(s, t)) 

+ (/€(t, T)-i (b - my (t, T)) , b - my (t, T)) 

- (/t(s,T)"^(b - mx(s,T)),b - mx(s,r)) 
= ( {k{s, t)-' + E{T, t^Kit, T)-'E{T, t)) y, y) 

+ {k{s, ty^m^{s, t), mx(s, t)) - 2 (k(s, t)"V, mx(s, t)) 

+ {K{t, T)-^m^(t, T), m^ (t, T)) - 2 (^(t, T)-1E(T, t)y, m^ (t, T)> 

- (K(s,T)"^(b - mx(s,T)),b - mx(s,T)) 

= (s(s,t)-V,y> 

- 2 (S(s, t)- V, S(s, t)/€(s, t)-'mx(s, t) + S(s, t)E(r, t)^/€(t, Ty'in-{t, T)> 
+ (/€(s,t)-imx(s,t),mx(s,t)) + {ti{t,T)-'ni^{t,T),ui^{t,T)) 

- {K{s,Ty^{h - mx(s,T)),b - mx(s,T)) . 
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Since 

n^,^{s, t) = T{t, T)T{s, T)-'m+{s, t) + S(s, (r(t, T)^) -'m-(t, T) 

= S(s,t)K(s,t)"^mx(s,t) + S(s,t)E(T,t)'^K(t,r)-^mi,(t,r), 

we have 

^^,i(x, y) = t)"V, y) - 2 nx,b(s, t)) + t)"^mx(s, t), m^{s, t)) 

+ T)-im-(t, T), m-(t, T)) - (/^(s, T)'^ (b - mx(s, T)) , b - m^{s, T)) . 

Hence, in order to show that 

V's,* (x, y) = (S(s, t)"^ (y - nx,b(s, t)) , y - nx,b(s, t)) , 

it remains to prove that 

(E(s, t)~^nx,b(s, t), nx,b(s, t)) 

= {K{s,ty^m^{s,t),m^{s,t)) + (K(t,T)"^mj,(t,T),mi,(t,T)) 
- {K{s,Ty^{h - mx(s,T)),b - mx(s,T)) . 

The right-hand side of the above equation, due to 

(4.2) b-mx(s,T) = b-E(T,s)x-^ E{T,u)r{u) du = m:^{t,T) - E{T, s)m^{s,t), 
coincides with 

( {Fit, s^Tis, ty' - E{T, s^Tis, r)-i)m+(s, t), m+(s, t)> 

+ ( {K{t, - k{s, T)-^)mb (t, T), m^(t, T)) + 2 {T{s, T)-im+(s, t), (t, T)) . 

Hence it remains to show the following three identities: 

E{t,syT{s,t)-' - E{T,syT{s,Tr' 

(4.3) 

= (r(., T)^) -'T{t, T)^s(s, t)-ir(t, T)r(., ry' 

(4.4) «:(t,T)-i - k(s,T)-i = T{s,T)-'T{s,t)J:{s,t)-'T{s,ty {T{s,Ty)-\ 

(4.5) r(s, T)-i = r(s, T)-ir(^5, t)s(s, t)-ir(t, T)r(s, t)-\ 

The vahdity of (14.51) is obvious, by the definition of S(s,t). Using again the definition of S(s,t), 
the right-hand side of (14.41) coincides with 

T{t,T)-'T{s,ty{T{s,Ty)-' = T{t,T)-'Tis,ty{T{s,Ty)-' 

= (/c(t,T)-i - ^{s,T)-'y = K(t,T)-' - k{s,T)-\ 
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where the last but one equahty follows from part (a) of Lemma 14.21 Moreover, multiplying (14. 3p 
with r(s,t)^ from the left and r(s,T) from the right, we easily obtain that f l4.3p is equivalent to 



Eit,s)T{s,T)-Tis,tyE{T,s) 



T 



r(t,T) 



and this equality holds true, by part (d) of Lemma 14.21 



□ 



For proving almost surely continuity of the linear process bridge at the endpoint T, we recall 
a strong law of large numbers for continuous square integrable multivariate martingales with 
deterministic quadratic variation process due to Dzhaparidze and Spreij |T3l Corollary 2] ; see also 
Koval' [211 Corollary 1] . We note that the above mentioned citations are about continuous square 
integrable martingales with time interval [0,oo), but they are also valid for continuous square 
integrable martingales with time interval [0, T), T G (0, oo), with appropriate modifications in the 
conditions, see as follows (the proof of Koval' [211 Corollary 1] can be easily formulated for the 
time interval [0,T), T G (0, oo)). 

4.1 Theorem. Let T G (0, oo] be fixed and let {Qt)te[o,T), P) be a filtered probability space 

satisfying the usual conditions, i.e., {Q,Q,P) is complete, the filtration (^t)^g[o,T) is right con- 
tinuous, Qq contains all the P-null sets in Q and Qt- = Q, where Qt- '■= o" ([Jt€[OT)^t^ ■ 
(Mj)fg[o,T) be an W^-valued continuous square integrable martingale with respect to the filtra- 
tion (^i)tg[o,T) such that P(Mo = 0) = 1. (The square integrability means that £.{nif^Y < ^o, 
t G [0,T), i = l,...,d, where := {m[^\ . . . ,m[^^), t G [0,T).) Further, we assume that the 
quadratic variation process {{M.)t)te[o,T) is deterministic (which yields that ((M)^)^ j = E(m|*^m|"'''), 
t G [0, T), 2, j = 1, . . . , (i^. // there exists some to £ [0, T) such that (M)^^ is positive definite and 
limt-,.r(M)j-^ = G M"''"^, then P{\iuitw{m)t^M.t = 0) = 1. 

Using Theorem 14.11 we formulate an auxiliary result which we will use for proving almost surely 
continuity of the linear process bridge at the endpoint T, see the proof of Theorem 12.11 

4.3 Lemma. Let us assume that condition (12.71) holds. Let T G (0, oo) be fixed and let {Qt)t^o 
be an p-dimensional standard Wiener process on a filtered probability space {Q,A, {At)te[o,T), P) 
satisfying the usual conditions, constructed by the help of the standard Wiener process B (see, 
e.g., Karatzas and Shreve f2B. Section 5. 2. A]). The process {St)teyd,T] defined by 



is a centered Gauss process with almost surely continuous paths. 

Proof. In (14. 6 p the stochastic integral can be understood as a usual stochastic integral see, e.g.. 
Ash and Gardner [H Theorem 5.1.4]. For this we only have to check that for all ^ t < T, 

/ ((r(M,T)"^S(u))ij)^du < oo, i = l,...,d, j = l,...,p, 
Jo 

which follows directly from part (b) of Lemma 14.21 Due to the fact that the integrand in the 
stochastic integral of (14.61) is deterministic, by Bauer [6i Lemma 48.2], (Si)ig[o,T] is a centered 



(4.6) 
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Gauss process. To prove almost sure continuity, we follow the method of the proof of Lemma 
5.6.9 in Karatzas and Sherve [22]. For all t G [0,T), let 



Jo 



VELi/o(r(«,T)-is(«)),,,d5ry 



(k) 



where Bj := {bI.^\ . . . , B^^^), t ^ 0. Then, by Proposition 3.2.10 in Karatzas and Shreve [22], 
(M()ig[o,T) is a continuous, square integrable martingale with respect to the filtration {At)telo,T) 
and with quadratic variation process ((M)i)(g[o,T); 



((M),),, = E (f^ f{T{u,T)-^nu)\kdB^:^Y. r(r(«,T)-iSH),,,d5W 

\k=l 1=1 

= EE f l\T{u,T)-'nu)\kdB^^^ [\T{u,T)-'j:{u)),,,dBi'^ 
k=l ^-^0 "^0 

P rt 

= V / (r(M,T)-iE(M)),,,(r(M,r)-is(M)),,fcdM 



k=l 
ft 



du 



tG[0,T), l^t,j^d, 



r(t,r)-iE(o,t)(r(t,T)^)-i^ 

where the last equality follows by part (b) of Lemma 14.21 Hence 

(M)i = r(t,T)-is(o,t)(r(t,T)T)-\ t e [o,t), 

which shows that (M)^ is symmetric and positive definite (and hence invertible) for all t G (0,T), 
by Lemma 14. 1[ 

Now we check that limttr(M)i"^ = G R'''"^. By the definition of S(0,t), 



(4.7) (M)i = r(o,T)-ir(o,t)(r(t,T)T)"\ 

which yields that 

(M)-i = r(t,T)Tr(o,t)-ir(o,T) 



te[o,T), 



E{t,u)i:{u)i:{uyE{T,uyduj ^ E{0,u)J:{u)i:{uyE{t,u)'^duj 1(0, T) 
E(t, 0) ^ E{0, u)E{u)E{ufE{0, du E{T, 0)^ 

^ E(o,M)s(M)s(M)^E(o,M)^dME(t,o)"^j r(o,r) 
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= EiT, 0) (^j^ E{0, m)S(m)S(m)^E(0, du^ E{t, {E{t, 0)^^"^ 
x(^J^E{0,u)i:{u)J:{uyE{0,uydu^ T{0,T), te(o,r). 

lim(M),-^ = E{T, 0)-0- (^j^ E{0, u)S(m)S(u)^E(0, du^ 1(0, T) = 



Hence 



where the inverse matrix 



T \ -1 

E{0, n)S(M)S(n)^E(0, du 



exists, since 

i-T 



f E(0, m)S(u)S(m)^E(0, uy du = E(0, T) /" E(T, m)S(u)S(m)^E(T, m)^ dw E(0, T)" 
Jo Jo 

= EiO,T)K{0,T)E{0,Ty, 



and E(0,T) and fi;(0,T) are invertible matrices (using also assumption (12 .7^ ^ 
By Theorem im we get P(hmt|T(M)7^Mt = 0) = 1. Then 

St = T{t,T)Mt = r(t,T)(M)i(M),-^Mi, t G (0,r). 



By part (a) of Lemma 14.21 

r(o, T)-^T{o, t){T{t, ryy^ = Kit, t)~^ - k(o, ty\ o ^ t < r, 

and hence, by (ST]), 

r(t,r)(M), = r(t,r)r(o,r)-ir(o,t)(r(t,r)T)-i = v{t,T){K{t,T)-^ - k{q,t)-^) 

= E{t, T)K{t, T){K{t, T)~^ - k{0, T)'^) = E{t, T) - E{t, T)K{t, T)k{0, T)"^ 
= E{t,T) - E{t,T) E{T,u)J:{u)^{uyE{T,uy duK{0,T)-^ 

= E{t, T) - E{t, T)E{T, 0) ^ E{0, n)S(M)S(u)^E(0, du E{T, 0)^k(0, T)-\ 

which yields that \imti^T^it,T){'M)t = Id- Hence we get P(limt^T St = 0) = 1. □ 

Proof of Theorem 12.11 Due to the fact that the integrand in the stochastic integral of (12. lip 
is deterministic, by Lemma 48.2 in Bauer [6j, {Ut)te[o,T) is a Gauss process and the distribution 
of Ut is Gauss with mean EUt = na,b(0,t) and by part (b) of Lemma [4.21 we get 

Cov(Ut,Ut) = r(t,r) [ r{u,Ty^j:{u)^{uy {r{u,Tyy^ dur{t,Ty = s(o,t) 

Jo 
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for all t G [0,T). Since the deterministic functions appearing in f l2.1ip are continuous on [0,T), 
Theorem 5.1.5 in Ash and Gardner [T] implies that (Ut)tg[o,T) is stochastically and L^-continuous. 
Moreover, since the covariance-function [0, T) 3 t I](0, t) is continuous with E(0, 0) = G M.'^^'^ 
and S(0,t) — )■ as 1 1 the continuity theorem yields that — t- b = na,b(0,T) in distribution 
as t ^ T. Since the limit b is a constant, we get stochastic continuity of the extension i\Jt)teio,T] 
with Uq = a = na,b(0,0) and \Jt = b = na,b(0,T). To prove the L^-continuity it remains to 
check that — b in as t f T. By part (b) of Lemma [4. 2 ^ for all t G [0, T) we get 

E||Ui - bf ^ E [(||na,b(0,t) - na,b(0,T)|| + ||Ui - na,b(0, t) ||)'] 



^ 2 



(u) ] du 



||na,b(0,t)-na,b(0,r)f + 2E T{t,T) f T{u,T)-^T.{u) d^^ 

Jo 

f d p t 

||na,b(0,t)-na,b(0,T)f + 2 VV / [T{t,T)T{u,T)-^T.{i 

\i=l fe=l>^0 ^ 

||na,b(0,t) -na,b(0,T)f 

2tr (^j^ V{t,T)V{u,T)-~^^{u)T.{uY {V{u,T)-^YV{t,TY du 
||na,b(0, t) - na,b(0, T) f + 2 tr(S(0, t)) 

||na,b(0, t) - na,b(0, T) f + 2 tr (r(t, T)r(0, TY^V{Q, t)) -> as 1 1 T, 



where ii{A) denotes the trace of a squared matrix A. 

Further, Lemma yields that {\Jt)t(^[o,T] is almost surely continuous. 
Moreover, for all ^ s ^ t < T we have 

\Jt =r(t,T)r(s,T)-i 



X 



r(s, T)r(o, T)-im+(o, t) + r(s, T)r(t, T)-ir(o, t)^ (r(o, tY) t) 



+ T{s,T) T{u,TY'^iu) dBu 
=r(t, T)r(s, T)-^ ^U, + T(s, T)r(0, T)-^ ^ ^(O, u)r{u) du 

+ r(o, s)^ (r(o, tY) ^ ^(r, M)r(M) du 
+ (r(o, (r(o, T)T) ' - T{t, T)T{s, TY'm sY (r(o, tY) (t, T) 
+ r(t,r) /" r(M,T)-is(M)dB,, 

^ s 
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where for the derivation of the last equahty we used that 

r(o,s)^(r(o,T)T)-Vb(s,T) + r(o,s)^(r(o,T)T)"' [ E{T,u)v{u)du 

J s 

= r(0,s)"^(r(0,T)^)"^ (^~/ ^(T,M)r(u)d'u^ +T{0,sy{T{0,Tyy^ E{T,u)r{u)du 
= r(0, sf{T{0, T)T) ' (h - E{T, u)r{u) du^ 

= r(o,.)^(r(o,Tn-V,(t,T). 

Next we argue that for any 0^s^M<t<Twe have 

(4.8) r(s, T)r(o, T)-'E{o, u) + r(o, sy (r(o, ry) '^e{t, u) = e{s, u). 

Multiplying ( I4.8p by E{u,T)k,{0,T) from the right, equivalently we have to show that 

(4.9) T{s, T) + r(0, sYE{T, 0)^ = E{s, T)«:(0, T), 



which holds by part (d) of Lemma [4.21 Furthermore, by part (a) of Lemma W?2\ and the symmetry 
of we have 



r(o, t)T (r(o, tY) ' - r(t, t)t{s, t)-'t{o, (r(o, t^) 



-1 



r(t,r) 



r(o,r)-ir(o,t)(r(t,T)T)-^ 
r(o,T)-ir(o,s)(r(s,T)T) 



= r(t,r)[(«:(t,T)-i - KiO,T)-'y - {k{s,T)-' - KiO.T)-') 

= T{t,T){K{t,Tr' - Kis,T)-') = r(.,t)T(r(.,T)T)-\ 

Putting all together, using fl4.8p and the above, we get 

u, =r(t, r)r(s, r)-im+^ (s, t) + r(s, t)^ (r(s, ry) " (t, t) 

(4.10) +r(t,T) /" r(M,T)-iS(n)dB„ 

=nu„b(3,t) + r(t,T) / r(M,T)-iS(n)dB„, 



where the last integral is independent of Us (by page 434 in Bauer [6]). Given Ug = x, the distri- 
bution of Ut does not depend on (Ur)re[o,s) and hence (\Jt)telo,T] is a Markov process. Moreover, 
for any x G M'^ and ^ s < t < T the conditional distribution of given = x is Gauss with 
mean ny_^]j{s,t) and covariance matrix E(s,t) by Lemma [4.21 (b), which coincides with the Gauss 
density given by Lemma [2.11 □ 
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Proof of Theorem 12. 2L Define the (i-dimensional Ito-process (Vt)te[o,T) by 

\t :=[ r{u,Ty'j:{u) dBu, i.e. dVt = r{t,T)-^^{t)dBt, te[0,T). 
Jo 

Further, let F : [0,r) x M'^ ^ M"^ be given by F(t,x) := na,b(0,t) + T{t,T)x, t G [0,T), x e R'^. 
By fimi) . Ut = Vt) for t G [0, T). Recall that for ^ s < t < T we have 

T{s,t) = E{s,t) I E{t,u)E{u)J:{uyE{t,uy du= I E{s,u)i:{u)T.{uy E{s,uY duE{t,sy , 

J s J s 

and hence using fl2.5l) we get 

diT{t, T) =Q{t)E{t, T) E{T, n)S(?i)S(n)^E(T, u)^ du 



(4.11) 



and 



- E{t, T)E{T, t)T.{t)T.{tY E{T, tY 
--Q{t)T{t,T)-J:m{tyEiT,ty, 



d2T{0, t) =E{0, t)S(t)S(t)TE(0, tyE{t, Oy 

(4.12) + [ E{0,u)J:{u)^{uyE{0,uyduE{t,OyQ{ty 

Jo 

=r(0, t)Q{ty + E{0, t)S(t)S(t)^. 

Further we calculate 

d,F{t, x) = {diTit, r))r(o, T)-im+(0, t) + r{t, T)r(0, T)-'E{0, t)r{t) 
+ (92r(o,t))^(r(o,T)T)-V^(t,T) 

+ r(0, ty (r(0, T)T) -^E(T, t)r(t) + {d,Tit, T))x, 

and D2F{t,x.) = r{t,T), independent of x G M.'^. Hence, by an application of the multivariate 
Ito-rule, we get 

dUi = dF{t, Vi) = diF{t, Vi) dt + D2F{t, V,) dVi = 9iF(t, V^) dt + S(t) dB^, 
where, by (14. lip and (14.121) . the coefficient of dt equals 
d,F{t, Vt) = {Q{t) - S(t)S(t)^E(T, tyr{t, T)-')Ut 

+ s(t)s(t)T (i5;(o, ty (r(o, t)^) + e{t, tyT{t, t)-i) r(o, t)^ (r(o, t)^) -^m^ (t, t) 
;r(t, T)r(o, r)-ii5;(o, t) + r(o, t)^ (r(o, r)^) -'^(r, t)) r(t). 
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since 

- (g(t) - S(t)S(t)^^(T,t)^r(t,T)-i)na,b(0,t) + (9ir(t,T))r(0,T)-im+(0,t) 

+ (92r(0,t))^(r(0,T)T)-'mb(t,T) 
= -d,T{t, T)T{t, T)-'T{t, T)r(0, T)-im+(0, t) 
- diT{t, T)T{t, T)-ir(0, t)T (r(0, T)T) -'m^ (t, T) 
+ diT{t, T)r(0, T)-im+(0, t) + {d^m t)y (r(0, T)T) ~'m-(t, T) 

= (-9ir(t,T)r(t,T)-i + (92r(o,t))T(r(o,tn-')r(o,t)T(r(o,rn-Vb(t,T) 
= (s(t)s(t)Ti?(T, t)^r(t, T)-i - g(t)r(t, T)r(t, t)-i + g(t)r(o, t)^ (r(o, t)^) ' 

+ E(t)s(t)^i?(o, t)^ (r(o, ty) -')r(o, t)^ (r(o, t)^) - t) 
= s(t)s(t)T(E(o,t)T(r(o,tr)-' + E(r,t)Tr(t,r)-i)r(o,t)T(r(o,r)T)-Vb(t,^ 

This expression can be simphfied, since by (14. ip we have 

(e(o, t)^ (r(o, tV) + E{T, tfT{t, T)-i) r(o, tV (r(o, r)^) 

= (/^(o, + E{T, t)'^K{t, T)-'E{T, t))r(o, (r(o, T)T) 

= s(o,t)-^r(o,t)^(r(o,T)^)"' 

= (s(o,t)T)-^r(o,t)T(r(o,r)T)-' = (r(t,T)T)-\ 

and using (14. 9p we further calculate 

T{t, T)r(o, T)-'E{o, t) + r(o, ty (r(o, r)^) "'^(t, t) 

= (T{t, T) + r(o, tYE{T, 0)^) k(0, t)-^e{t, t) 
= E{t,T)E{T,t) = U 

Putting things together, we have the SDE f l2.12p . as desired. Since the process (\Jt)tG[o,T) is 
adapted to the filtration {J't)teio,T), it is a strong solution of the SDE ( 12.120 . By Theorem 5.2.1 
in 0ksendal [26] or Theorem 2.32 in Chapter III in Jacod and Shiryaev [19j, strong uniqueness 
holds for the SDE I^J^. □ 

The following lemma is about the covariance structure of the linear process Z and its bridge 
U (given in Definition 12. II) . We use this lemma in the proofs of Theorem 12.31 and Proposition 12. II 

4.4 Lemma. For fixed a, b G and T > 0, let (Zf)ij>o be the d-dimensional linear process given 
by the SDE (12. ip with a Gauss initial random vector Zq independent of the underlying Wiener 
process {'Bt)t^Q. Let us suppose that condition (12.70 holds and let {\Jt)t£io,T] be the linear process 
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bridge from a to b over [0,T] derived from Z (given by Theorem \2.1\ and Definition \2.1\} . Then 
for ^ s the covariance matrices of Z and U are given by 

(a) Cov(Z„ Zi) = Cov(Zi, = {E{t, 0)1(0, s))^, 

(b) Cov(u„Ui) = Cov(Ui,u,)^ = (r(t,T)r(o,T)-ir(o,s))^. 

Proof. Since the stochastic integral in fl2.6p is independent of Z^, by (12.31) we get 

Cov(Z„ Zt) = Cov(Z„ E{t, s)Zs) = Cov(Z„ Z,)E{t, s)^ 

= k{0, s)^E(0, s^Eit, Oy = r(0, syE{t, 0)^, 

which proves (a). Similarly, using (I4.10p and Theorem 12.11 we get 

Cov(u„uo = Coviv s,T{t,T)T{s,Ty'Vs) = Cov(u„ u,) (r(s, r)-i)^r(t, T)^ 

= E(0, {T{s, T)-'yT{t, TY = {Tit, T)r(0, T)-'m s))\ 

where the last equality follows by the definition of S(0, s). □ 

Proof of Theorem 12.31 Since the processes Y and U are almost surely continuous Gauss 
processes, using also that the law of a (continuous) stochastic process is determined by its finite- 
dimensional distributions (see, e.g., Kallenberg [201 Proposition 2.2]), it is enough to show the 
equality of their mean and covariance functions. Using the definition (12.131) we get 

EYt = T{t, T)r(0, T)-ia + mo(0, t) + r(0, t^ (r(0, T)^) "'(b - mo(0, T)), 

for all t G [0,T]. Since 

mo(0, t) + r(0, ty (r(0, T)^)-'(b - mo(0, T)) 

= ^ E{t, u)r{u) du + r(0, ty (r(0, T)^) (h- E{T, u)r{u) du^ 

= E{t,0) / E{0,u)r{u)du-r{0,ty{r{0,Tyy^E{T,0) / E{0,u)r{u)du 
Jo Jo 

+ T{o,ty{T{o,Tyy'h 

= (^E{t,0)-r{0,ty{r{0,Tyy^E{T,0)^j^ E{0,u)r{u)du 

+ r(0, ty (r(0, T)y (b - ^ E{T, u)r{u) du^ 
= (i?(t,0)-r(0,t)^(r(0,T)^-'i?(T,0)) E{0,u)r{u)du + T{0,ty{T{0,T)y-'m-{t,T), 
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we get 

EYt =r(t,r)r(o,r)-i 

a+r(0,T)r(t,T)-^ \E{t,0) -r{0,ty {r{0,Tyy^E{T,0)\ [ E{0,u)r{u)du 

y '- ^ Jo 

+ r(o,t)T(r(o,T)T)-Vb(t,r) 

=na,b(0,t) = EUt, tG[0,T], 

where the last but one equahty follows by part (c) of Lemma H]2] together with fl2.10p . and the 
last equality by Theorem 12.11 Further, using part (a) of Lemma \AA\ for all ^ s ^ t ^ T we have 

Cov(Y„ Yt) = Gov (zs - r(o, s)^(r(o, ryy'zr, Zt - r(o, t)^(r(o, Tyy'zr) 
= Cov(z„ Zt) - r(o, sy (r(o, ry) ' Cov(Zr, z^) 

-Cov(Z„Zr)r(0,T)-ir(0,t) 

+ r(o, sy (r(o, ry) ' Cov(Zt, ZT)r(o, t)-'t{o, t) 
=r(o, syE{t, oy - r(o, sy (r(o, r)^) ~'e(t, o)r(o, t) 
- r(o, s)"^E(r, o)^r(o, t)-^t{o, t) 
+ r(o, sy (r(o, T)^) - V(o, T)r(o, T)-ir(o, t), 



and hence 

Cov(Y„Yi) 



=r(o, sy (r(o, T)T) [r(o, TyE{t, o)^ - i?(T, o)r(o, t) 

-r(o, TyE{T, 0)^1(0, T)-ir(o, t) + /t(o, T)r(o, t)-^t{o, t 

--T{0,sy{T{0,Tyy^ [T{0,TyE{t,Oy -E{T,0)T{0,t 

-T{o,sy{T{o,Tyy'T{t,Ty, 



where the last equality follows by part (d) of Lemma I4.2[ The last line of the above equation 
coincides with Cov(Us,Ut) by part (b) of Lemma [4.41 as desired. □ 



Proof of Proposition 12.11 Since (Zf )fj.o is a Gauss process, by Shiryaev [301 Theorem 2, page 
303], the conditional distribution of Z := (Z^, . . . , Zj^y given Zj- = b is known to be a M'^"- 
dimensional Gauss distribution with mean vector 



m := EZ + 

and with covariance matrix 
C := Gov(Z, Z) - 



Gov(Zi,,Zr) 



i=l 



Gov(ZT,ZT)"^(b- EZt), 



Gov(Zi^,ZT) 



Gov(Zt, Zt)'^ 



Gov(Zi^,ZT) 



i=l 
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where, due to symmetry, the {nd x (i)-matrix (3)"=! Cov(Zt-, Zj-) is defined by 

Cov(Zi^, Zt) := ( Cov(Zi,, Zt), . . . , Cov(Zi„, Z^))^. 



Due to the fact that the integrand in the stochastic integral of (12. lip is deterministic, by Lemma 
48.2 in Bauer [6], the process i\Jt)telo,T] is a Gauss process, and hence (U^, . . . ,U^)''' is a nd- 
dimensional Gauss distributed random variable. Then all we have to do is to check that the 
mean vector and the covariance matrix of (U^, . . . , U^J^ coincides with the mean vector and the 
covariance matrix given above. Using Theorem 12. H due to the tensor calculus it is sufficient to 
prove that for all ^ i ^ j ^ n 

(4.13) m, := EZ*, + Cov(Zt,, Z^) Cov(Zt, Zt)"' (b - EZt) = EU^, = na,b(0, t^), 
and 

a, := Cov(Zi^, ZiJ - Cov(Zi^, Zt) Cov(Zr, Zt)-' Cov(Z,^, Z^)^ 

(4.14) 

= Cov(Ui,,Uij = (r(t„T)r(o,r)-ir(o,t,))^, 

where the last equality follows from part (b) of Lemma 14. 4[ Using part (a) of Lemma 14.41 and 
(14.21) we calculate 

m, = ma(0, U) + r(0, t.)^E(T, 0)^ (r(0, T)^E(T, 0)^) ' (b - m^{0, T)) 

= E{U, 0)m+(0, U) + r(0, t.)"^ (r(0, T)^) ' (m^ (t., T) - E{T, 0)m+(0, U)) 

= T{ti, T)r(o, T)-im+(o, u) + r(o, t,)"" (r(o, t)^) (t„ t). 



where the last equality follows by part (c) of Lemma 14.21 This shows (14. 13p by using (I2.10p . 
Moreover, using part (a) of Lemma 14.41 we have 

= r(o, u)^E{t„ 0)^ - r(o, u)^e{t, o)^ (r(o, t)^e{t, o)^)"'e(t, o)r(o, t,) 
= r(o, t,)^ (r(o, T)T) ' [r(o, T)'^E{t„ o)^ - e{t, o)r(o, t,)] 

= {T{t„T)T{0,T)-'T{0,U)y, 

where the last equality follows by part (d) of Lemma [4.21 This shows (14.140 . □ 
Proof of Theorem 13.11 Using the notations of Section [2], we have 
$(t) = E(t,0) = e«W, t^O, 

E{t, s) = E{t, 0)E{0, s) = E{t, 0)E{s, 0)"^ = e^W-^^'^), t, s ^ 0, 
and hence for all ^ s <t, we get K,{s,t) = 7(s,t) and 
r(s,t) = e«(^)-«W7(s,t), 

S(s,t) = e^W-^(^)7(i,r)(e^W-^(^)7(s,r))"VW-^W7(s,t) = = a{s,t). 

7(s,T) 
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Then for all O^s <t< T, 

r(t, T)T{s, T)-'mt{s, t) + Tis, t)T{s, T)-'m-{t, T) 



e9W-9(T)^(s,T) 



[a + E{s, u)r{u) du^ + (& - ^ E{T, u)r{u) du^ 



e 



t 



7(s,T) 7(s,^) 
Hence Theorem 12. II yields that for all t G [0,T) 

= n.,,(0, t) + e5W-5(^)7(t, T) / (e5(«)-5(^)7(«, T))"V(w) d5„ 

= t) + f 2^lIie^W-^(")a(«) dBu, 

Jo l{u,T) 

as desired. □ 

Proof of Proposition 13. 2L It is enough to check that the process {Z^)t^Q has the same finite 
dimensional distributions as 



Zt = mo{0,t)+ [ e'?W-'?('V(s)dB„ t ^ 0, 
Jo 



has. Indeed, {Zt)t^o is a strong solution of the SDE (13. ip and the law of a stochastic process 
is determined by its finite dimensional distributions (see, e.g., Kallenberg 120, Proposition 2.2]). 
Hence it is sufficient to check that {Z^)t^o is a Gauss process with the same expectation and 
covariance function that Z has. Since B* is a Gauss process we have Z* is also a Gauss 
process. The expectation functions are the same, since EZf = EZ^ = mo(0,t), t ^ 0. Moreover, 
using (13. 3p one can calculate 

psAt 

Cov(Z„ Zt) = e^"(^)+«"(*) / e-2''("V2(u) du, s,t^O. 

Jo 

One can also easily derive that 

Cov(Z:, Z;) = e«"(^)+«"W Gov (5*(e-'^"(^)7(0, s)), B*{e-^^^'^-f{0, t))) 
= e«"W+«"W min(e-29"W7(0, s),e-^^^'h{0, t)), s,t^O. 

Since the function ^ 

[0, oo) 9 t ^ e-2«W7(0,t) = [ e'^^^^'^a^u) du, 

Jo 

is monotone increasing, we have 

rsAt 

Gov(Z:,Z;) = e'^(")+'^(*) / e-'^"("V2(u) dw, s,t^Q, 

Jo 

as desired. □ 
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